
1

a
e
c
t
t
a
p

m
s
o
o
fi
r
t
�
c
�
t
p
c
fi
c

c
b
t

J
r

J

Downloa
Y. Huang
Department of Mechanical and Industrial

Engineering,
University of Illinois,

Urbana, IL 61801

A. J. Rosakis
Graduate Aeronautical Laboratory,
California Institute of Technology,

Pasadena, CA 91125

Extension of Stoney’s Formula
to Arbitrary Temperature
Distributions in Thin
Film/Substrate Systems
Current methodologies used for the inference of thin film stress through curvature mea-
surements are strictly restricted to stress and curvature states that are assumed to remain
uniform over the entire film/substrate system. By considering a circular thin film/
substrate system subject to nonuniform and nonaxisymmetric temperature distributions,
we derive relations between the film stresses and temperature, and between the plate
system’s curvatures and the temperature. These relations featured a “local” part that
involves a direct dependence of the stress or curvature components on the temperature at
the same point, and a “nonlocal” part that reflects the effect of temperature of other
points on the location of scrutiny. Most notably, we also derive relations between the
polar components of the film stress and those of system curvatures which allow for the
experimental inference of such stresses from full-field curvature measurements in the
presence of arbitrary nonuniformities. These relations also feature a “nonlocal” depen-
dence on curvatures making full-field measurements of curvature a necessity for the
correct inference of stress. Finally, it is shown that the interfacial shear tractions between
the film and the substrate are related to the gradients of the first curvature invariant and
can also be inferred experimentally. �DOI: 10.1115/1.2744035�

Keywords: nonuniform film temperatures and stresses, nonuniform substrate curvatures,
stress-curvature relations, nonlocal effects, interfacial shears
Introduction
Substrates formed of suitable solid-state materials may be used

s platforms to support various thin film structures. Integrated
lectronic circuits, integrated optical devices and optoelectronic
ircuits, microelectromechanical systems deposited on wafers,
hree-dimensional electronic circuits, systems-on-a-chip struc-
ures, lithographic reticles, and flat panel display systems are ex-
mples of such thin film structures integrated on various types of
late substrates.

The above-described thin film structures on substrates are often
ade from a multiplicity of fabrication and processing steps �e.g.,

equential film deposition, thermal anneal, and etch steps� and
ften experience stresses caused by each of these steps. Examples
f known phenomena and processes that build up stresses in thin
lms include, but are not limited to, lattice mismatch, chemical
eaction, doping by, e.g., diffusion or implantation, rapid deposi-
ion by evaporation or sputtering, and of course thermal treatment
e.g., various thermal anneal steps�. The film stress build-up asso-
iated with each of these steps often produces undesirable damage
e.g., cracking, interface delamination� that may be detrimental to
he manufacturing process because of its cumulative effect on
rocess “yield” �1�. Known problems associated with thermal ex-
ursions, in particular, include stress-induced film cracking and
lm/substrate delamination resulting during uncontrolled wafer
ooling that follows the many anneal steps.

The intimate relation between stress-induced failures and pro-
ess yield loss makes the identification of the origins of stress
uild-up, the accurate measurement and analysis of stresses, and
he acquisition of information on the spatial distribution of
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stresses a crucial step in designing and controlling processing
steps and in ultimately improving reliability and manufacturing
yield.

Stress changes in thin films following discrete process steps or
occurring during thermal excursions may be calculated in prin-
ciple from changes in the film/substrate systems curvatures or
“bow” based on analytical correlations between such quantities.
Early attempts to provide such correlations are well documented
�2�. Various formulations have been developed for this purpose
and most of these are essentially extensions of Stoney’s approxi-
mate plate analysis �3�.

Stoney used a plate system composed of a stress bearing thin
film of thickness hf, deposited on a relatively thick substrate of
thickness hs, and derived a simple relation between the curvature
��� of the system and the stress ���f�� of the film as follows:

��f� =
Eshs

2�

6hf�1 − �s�
�1.1�

In the above, the subscripts “f” and “s” denote the thin film and
substrate, respectively, and E and � are the Young’s modulus and
Poisson’s ratio, respectively. Equation �1.1� is called the Stoney
formula, and it has been extensively used in the literature to infer
film stress changes from experimental measurement of system
curvature changes �2�.

Stoney’s formula was derived for an isotropic “thin” solid film
of uniform thickness deposited on a much “thicker” plate sub-
strate based on a number of assumptions. Stoney’s assumptions
include the following: �1� Both the film thickness hf and the sub-
strate thickness hs are uniform and hf �hs�R, where R represents
the characteristic length in the lateral direction �e.g., system radius
R shown in Fig. 1�; �2� the strains and rotations of the plate sys-
tem are infinitesimal; �3� both the film and substrate are homoge-
neous, isotropic, and linearly elastic; �4� the film stress states are

in-plane isotropic or equibiaxial �two equal stress components in
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ny two, mutually orthogonal in-plane directions� while the out-
f-plane direct stress and all shear stresses vanish; �5� the system’s
urvature components are equibiaxial �two equal direct curva-
ures� while the twist curvature vanishes in all directions; and �6�
ll surviving stress and curvature components are spatially con-
tant over the plate system’s surface, a situation which is often
iolated in practice.

The assumption of equibiaxial ��xx=�yy =� , �xy =�yx=0� and
patially constant curvature �� independent of position� is equiva-
ent to assuming that the plate system would deform spherically
nder the action of the film stress. If this assumption were to be
rue, a rigorous application of Stoney’s formula would indeed fur-
ish a single film stress value. This value represents the common
agnitude of each of the two direct stresses in any two, mutually

rthogonal directions �i.e., �xx=�yy =��f�, �xy =�yx=0, ��f� inde-
endent of position�. This is the uniform stress for the entire film
nd it is derived from the measurement of a single uniform cur-
ature value that fully characterizes the system provided the de-
ormation is indeed spherical.

Despite the explicitly stated assumptions of spatial stress and
urvature uniformity, the Stoney formula is often, arbitrarily, ap-
lied to cases of practical interest where these assumptions are
iolated. This is typically done by applying Stoney’s formula
ointwise, and thus extracting a local value of stress from a local
easurement of the curvature of the system. This approach of

nferring film stress clearly violates the uniformity assumptions of
he analysis and, as such, its accuracy as an approximation is
xpected to deteriorate as the levels of curvature nonuniformity
ecome more severe.

Following the initial formulation by Stoney, various researchers
ave derived a number of extensions to relax some of the other
ssumptions �other than the assumption of uniformity� made by
toney’s analysis. Such extensions of the initial formulation in-
lude relaxation of the assumption of equibiaxiality as well as the
ssumption of small deformations/deflections. A biaxial form of
toney, appropriate for anisotropic film stresses, including differ-
nt stress values at two different directions and nonzero, in-plane
hear stresses, was derived by relaxing the assumption of curva-
ure equibiaxiality �2�. Related analyses treating discontinuous
lms in the form of bare periodic lines �4� or composite films with
eriodic line structures �e.g., bare or encapsulated periodic lines�
ave also been derived �5–7�. These latter analyses have also re-
oved the assumption of equibiaxiality and have allowed the ex-

stence of three independent curvature and stress components in
he form of two, nonequal, direct components and one shear or
wist component. However, the uniformity assumption of all of

ig. 1 A schematic diagram of the thin film/substrate system,
howing the cylindrical coordinates „r ,� ,z…
hese quantities over the entire plate system was retained. In ad-
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dition to the above, single, multiple, and graded films and sub-
strates have been treated in various “large” deformation analyses
�8–11�. These analyses have removed both the restrictions of an
equibiaxial curvature state as well as the assumption of infinitesi-
mal deformations. They have allowed for the prediction of kine-
matically nonlinear behavior and bifurcations in curvature states.
These bifurcations are transformations from an initially equibi-
axial to a subsequently biaxial curvature state that may be induced
by an increase in film stress beyond a critical level. This critical
level is intimately related to the systems aspect ratio, i.e., the ratio
of in-plane to thickness dimension and the elastic stiffness. These
analyses also retain the assumption of spatial curvature and stress
uniformity across the system. However, they allow for deforma-
tions to evolve from an initially spherical shape to an energetically
favored shape �e.g., ellipsoidal, cylindrical, or saddle shapes�
which features three different, still spatially constant, curvature
components �12�.

None of the above-discussed extensions of Stoney’s methodol-
ogy has relaxed the most restrictive of Stoney’s original assump-
tion of spatial uniformity, which does not allow either film stress
or curvature components to vary across the plate surface. This
crucial assumption is often violated in practice since film stresses
and the associated system curvatures are nonuniformly distributed
over the plate area. Huang and Rosakis �13� and Huang et al. �14�
have recently made progress to remove the two restrictive as-
sumptions of the Stoney analysis relating to spatial uniformity and
equibiaxiality. They have studied the cases of thin film/substrate
systems subject to nonuniform but axisymmetric temperature dis-
tribution T�r� and misfit strain �m�r�, respectively. Their results
show that the relations between film stresses and substrate curva-
tures feature not only a “local” part that involves a direct depen-
dence of stresses on curvatures at the same point, but also a “non-
local” part which reflects the effect of curvatures at other points
on the location of scrutiny. The “nonlocal” effect comes into play
in the axisymmetric analysis via the average curvature in the thin
film.

The main purpose of the present paper is to remove the two
restrictive assumptions of the Stoney analysis relating to spatial
uniformity and equibiaxiality for the general case of a thin film/
substrate system subject to arbitrary temperature distribution
T�r ,�� whose presence will create a nonaxisymmetric stress and
curvature field as well as arbitrarily large stress and curvature
gradients. Such a nonuniform temperature field may arise in the
processing or application of the thin film/substrate system. Our
goal is to relate film stresses and system curvatures to the tem-
perature distribution and to ultimately derive a relation between
the film stresses and the system curvatures for general nonaxisym-
metric temperature distributions. Such a relation would allow for
the accurate experimental inference of film stress from full-field
and real-time curvature measurements that may occur during or
after thermal processing. The full-field curvature measurements
�e.g., �15��, together with the present study, provide the stress field
in the film.

2 Governing Equations
A thin film deposited on a substrate is subject to arbitrary tem-

perature distribution T�r ,��, where r and � are the polar coordi-
nates �Fig. 1�. The thin film and substrate are circular in the lateral
direction and have a radius R.

The thin-film thickness hf is much less than the substrate thick-
ness hs, and both are much less than R; i.e., hf �hs�R. The
Young’s modulus, Poisson’s ratio, and coefficient of thermal ex-
pansion of the film and substrate are denoted by Ef, � f, � f, Es, �s,
and �s, respectively. The substrate is modeled as a plate since it
can be subjected to bending, and hs�R. The thin film is modeled
as a membrane which cannot be subject to bending due to its

small thickness hf �hs.
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Let ur
�f� and u�

�f� denote the displacements in the radial �r� and
ircumferential ��� directions. The strains in the thin film are

�rr =
�ur

�f�

�r
, ��� =

ur
�f�

r
+

1

r

�u�
�f�

��

nd

�r� =
1

r

�ur
�f�

��
+

�u�
�f�

�r
−

u�
�f�

r

he stresses in the thin film can be obtained from the linear
hermo-elastic constitutive model as

�rr =
Ef

1 − � f
2� �ur

�f�

�r
+ � f�ur

�f�

r
+

1

r

�u�
�f�

��
� − �1 + � f�� fT�

��� =
Ef

1 − � f
2�� f

�ur
�f�

�r
+

ur
�f�

r
+

1

r

�u�
�f�

��
− �1 + � f�� fT� �2.1�

�r� =
Ef

2�1 + � f�
�1

r

�ur
�f�

��
+

�u�
�f�

�r
−

u�
�f�

r
�

he membrane forces in the thin film are

Nr
�f� = hf�rr N�

�f� = hf��� Nr�
�f� = hf�r� �2.2�

It is recalled that, for uniform temperature distribution T
constant, the normal and shear stresses across the thin film/

ubstrate interface vanish except near the free edge r=R; i.e.,
zz=�rz=�r�=0 at z=hs /2 and r	R. For nonuniform temperature
istribution T=T�r ,��, the shear stress �rz and ��z at the interface
ay not vanish anymore, and are denoted by 
r and 
�, respec-

ively. It is important to note that the normal stress traction �zz
till vanishes �except near the free edge r=R� because the thin
lm cannot be subject to bending. The equilibrium equations for

he thin film, accounting for the effect of interface shear stresses 
r
nd 
�, become

�Nr
�f�

�r
+

Nr
�f� − N�

�f�

r
+

1

r

�Nr�
�f�

��
− 
r = 0

�2.3�
�Nr�

�f�

�r
+

2

r
Nr�

�f� +
1

r

�N�
�f�

��
− 
� = 0

he substitution of Eqs. �2.1�–�2.3� yields the following govern-
ng equations for ur

�f�, u�
�f�, 
r and 
�

�2ur
�f�

�r2 +
1

r

�ur
�f�

�r
−

ur
�f�

r2 +
1 − � f

2

1

r2

�2ur
�f�

��2 +
1 + � f

2

1

r

�2u�
�f�

�r � �

−
3 − � f

2

1

r2

�u�
�f�

��
=

1 − � f
2

Efhf

r + �1 + � f�� f

�T

�r
�2.4�

1 + � f

2

1

r

�2ur
�f�

�r � �
+

3 − � f

2

1

r2

�ur
�f�

��
+

1 − � f

2
� �2u�

�f�

�r2 +
1

r

�u�
�f�

�r
−

u�
�f�

r2 �
+

1

r2

�2u�
�f�

��2 =
1 − � f

2

Efhf

� + �1 + � f�� f

1

r

�T

��

Let ur
�s� and u�

�s� denote the displacements in the radial �r� and
ircumferential ��� directions, respectively, at the neutral axis �z
0� of the substrate, and w the displacement in the normal �z�
irection. It is important to consider w since the substrate can be
ubject to bending and is modeled as a plate. The strains in the
ubstrate are given by

�rr =
�ur

�s�

− z
�2w

2
�r �r
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��� =
ur

�s�

r
+

1

r

�u�
�s�

��
− z�1

r

�w

�r
+

1

r2

�2w

��2 � �2.5�

�r� =
1

r

�ur
�s�

��
+

�u�
�s�

�r
−

u�
�s�

r
− 2z

�

�r
�1

r

�w

��
�

The stresses in the substrate can then be obtained from the linear
thermo-elastic constitutive model as

�rr =
Es

1 − �s
2	 �ur

�s�

�r
+ �s�ur

�s�

r
+

1

r

�u�
�s�

��
� − z� �2w

�r2 + �s�1

r

�w

�r

+
1

r2

�2w

��2 �� − �1 + �s��sT

��� =

Es

1 − �s
2��s

�ur
�s�

�r
+

ur
�s�

r
+

1

r

�u�
�s�

��
− z��s

�2w

�r2 +
1

r

�w

�r
+

1

r2

�2w

��2 �
− �1 + �s��sT� �2.6�

�r� =
Es

2�1 + �s�
�1

r

�ur
�s�

��
+

�u�
�s�

�r
−

u�
�s�

r
− 2z

�

�r
�1

r

�w

��
��

The forces and bending moments in the substrate are

Nr
�s� =�

−
hs

2

hs

2 �rrdz =
Eshs

1 − �s
2� �ur

�s�

�r
+ �s�ur

�s�

r
+

1

r

�u�
�s�

��
�

− �1 + �s��sT�
N�

�s� =�
−

hs

2

hs

2 ���dz =
Eshs

1 − �s
2��s

�ur
�s�

�r
+

ur
�s�

r
+

1

r

�u�
�s�

��
− �1 + �s��sT�

�2.7�

Nr�
�s� =�

−
hs

2

hs

2 �r�dz =
Eshs

2�1 + �s�
�1

r

�ur
�s�

��
+

�u�
�s�

�r
−

u�
�s�

r
�

Mr = −�
−

hs

2

hs

2 z�rrdz =
Eshs

3

12�1 − �s
2�
� �2w

�r2 + �s�1

r

�w

�r
+

1

r2

�2w

��2 ��
M� = −�

−
hs

2

hs

2 z���dz =
Eshs

3

12�1 − �s
2�
��s

�2w

�r2 +
1

r

�w

�r
+

1

r2

�2w

��2 �
�2.8�

Mr� = −�
−

hs

2

hs

2 z�r�dz =
Eshs

3

12�1 + �s�
�

�r
�1

r

�w

��
�

The shear stresses 
r and 
� at the thin film/substrate interface
are equivalent to the distributed forces 
r in the radial direction
and 
� in the circumferential direction, and bending moments
�hs /2�
r and �hs /2�
� applied at the neutral axis �z=0� of the
substrate. The in-plane force equilibrium equations of the sub-
strate then become

�Nr
�s�

+
Nr

�s� − N�
�s�

+
1 �Nr�

�s�

+ 
r = 0

�r r r ��
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�Nr�
�s�

�r
+

2

r
Nr�

�s� +
1

r

�N��
�s�

��
+ 
� = 0 �2.9�

he out-of-plane moment and force equilibrium equations are
iven by

�Mr

�r
+

Mr − M�

r
+

1

r

�Mr�

��
+ Qr −

hs

2

r = 0

�2.10�
�Mr�

�r
+

2

r
Mr� +

1

r

�M�

��
+ Q� −

hs

2

� = 0

�Qr

�r
+

Qr

r
+

1

r

�Q�

��
= 0 �2.11�

here Qr and Q� are the shear forces normal to the neutral axis.
he substitution of Eq. �2.7� into Eq. �2.9� yields the following
overning equations for ur

�s�, u�
�s�, and 
:

�2ur
�s�

�r2 +
1

r

�ur
�s�

�r
−

ur
�s�

r2 +
1 − �s

2

1

r2

�2ur
�s�

��2 +
1 + �s

2

1

r

�2u�
�s�

�r � �

−
3 − �s

2

1

r2

�u�
�s�

��
= −

1 − �s
2

Eshs

r + �1 + �s��s

�T

�r
�2.12�

1 + �s

2

1

r

�2ur
�s�

�r � �
+

3 − �s

2

1

r2

�ur
�s�

��
+

1 − �s

2
� �2u�

�s�

�r2 +
1

r

�u�
�s�

�r
−

u�
�s�

r2 �
+

1

r2

�2u�
�s�

��2 = −
1 − �s

2

Eshs

� + �1 + �s��s

1

r

�T

��

limination of Qr and Q� from Eqs. �2.10� and �2.11�, in conjunc-
ion with Eq. �2.8�, gives the following governing equation for w
and 
�

�2��2w� =
6�1 − �s

2�
Eshs

2 � �
r

�r
+


r

r
+

1

r

�
�

��
� �2.13�

here

�2 =
�2

�r2 +
1

r

�

�r
+

1

r2

�2

��2

The continuity of displacements across the thin film/substrate
nterface requires

ur
�f� = ur

�s� −
hs

2

�w

�r
, u�

�f� = u�
�s� −

hs

2

1

r

�w

��
�2.14�

quations �2.4� and �2.12�–�2.14� constitute seven ordinary differ-
ntial equations for seven variables, namely ur

�f�, u�
�f�, ur

�s�, u�
�s�, w,

r, and 
�. We discuss below how to decouple these seven equa-
ions under the limit hf /hs�1 such that we can solve ur

�s�, u�
�s�

rst, then ur
�f� and u�

�f�, followed by 
r and 
�, and finally w.
�i� Elimination of 
r and 
� from force equilibrium equations

2.4� for the thin film and �2.12� for the substrate yields two equa-
ions for ur

�f�, u�
�f�, ur

�s�, and u�
�s�. For hf /hs�1, ur

�f� and u�
�f� disap-

ear in these two equations, which become the following govern-
ng equations for ur

�s� and u�
�s� only:

�2ur
�s�

�r2 +
1

r

�ur
�s�

�r
−

ur
�s�

r2 +
1 − �s

2

1

r2

�2ur
�s�

��2 +
1 + �s

2

1

r

�2u�
�s�

�r � �

−
3 − �s

2

1

r2

�u�
�s�

��
= �1 + �s��s

�T

�r
+ O�hf

hs
�

�2.15�
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1 + �s

2

1

r

�2ur
�s�

�r � �
+

3 − �s

2

1

r2

�ur
�s�

��
+

1 − �s

2
� �2u�

�s�

�r2 +
1

r

�u�
�s�

�r
−

u�
�s�

r2 �
+

1

r2

�2u�
�s�

��2 = �1 + �s��s

1

r

�T

��
+ O�hf

hs
�

�ii� Elimination of ur
�f� and u�

�f� from the continuity condition
�2.14� and equilibrium equation �2.4� for the thin film gives 
r and

� in terms of ur

�s� and w. Their substitution into the moment
equilibrium equation �2.13� yields the governing equation for the
normal displacement w, from which it can be shown that w is on
the order of hf /hs, i.e.,

w = O�hf

hs
� �2.16�

Equation �2.16� and the continuity condition �2.14� then give the
displacements ur

�f� and u�
�f� in the thin film as

ur
�f� = ur

�s� + O�hf

hs
�, u�

�f� = u�
�s� + O�hf

hs
� �2.17�

�iii� The equilibrium equation �2.4� for the thin film gives the
interface shear stresses in terms of ur

�s� and u�
�s� as


r =
Efhf

1 − � f
2	�s − � f

2
� 1

r2

�2ur
�s�

��2 −
1

r

�2u�
�s�

�r � �
−

1

r2

�u�
�s�

��
�

+ ��1 + �s��s − �1 + � f�� f�
�T

�r
+ O�hf

hs
�


�2.18�


� =
Efhf

1 − � f
2�

�s − � f

2
�−

1

r

�2ur
�s�

�r � �
+

1

r2

�ur
�s�

��
+

�2u�
�s�

�r2 +
1

r

�u�
�s�

�r
−

u�
�s�

r2 �
+ ��1 + �s��s − �1 + � f�� f�

1

r

�T

��
+ O�hf

hs
� 

where Eq. �2.15� has been used.
�iv� The displacement w is determined from the moment equi-

librium equation �2.13� by eliminating 
r and 
� using Eq. �2.18�.
It can be verified that the resulting w is indeed on the order of
hf /hs as suggested in Eq. �2.16�.

We expand the arbitrary nonuniform temperature distribution
T�r ,�� to the Fourier series,

T�r,�� = �
n=0

�

Tc
�n��r�cos n� + �

n=0

�

Ts
�n��r�sin n� �2.19�

where

Tc
�0��r� =

1

2�
�

0

2�

T�r,��d�, Tc
�n��r� =

1

�
�

0

2�

T�r,��cos n�d�

�n  1�

and

Ts
�n��r� =

1

�
�

0

2�

T�r,��sin n�d� �n  1�

Without losing generality, we focus on the cos n� term here. The
corresponding displacements and interface shear stresses can be
expressed as

ur
�s� = ur

�sn��r�cos n�, u�
�s� = u�

�sn��r�sin n�, w = w�n��r�cos n�

�2.20�

r = 
r

�n��r�cos n�, 
� = 
�
�n��r�sin n�

Equation �2.15� then gives two ordinary differential equations for
�sn� �sn�
ur and u� , which have the general solution
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	ur
�sn�

u�
�sn� 
 = �1 − �s −

1 + �s

2
n

1 + �s

2
n + 2 �A0rn+1 +

�s

4�n + 1�
1 + �s

1 − �s
rTc

�n��
+ 	1

1

 �s

4�n + 1�
1 + �s

1 − �s
	− �1 − �s −

n

2
�1 + �s��rTc

�n�

+ 2�1 − �s��n + 1�
1

rn+1�
0

r

�1+nTc
�n����d�


− �1 − �s +
1 + �s

2
n

1 + �s

2
n − 2  �s

4�n − 1�
1 + �s

1 − �s
rTc

�n�

+ 	− 1

1

D0rn−1 − 	− 1

1

 �s

4�n − 1�
1 + �s

1 − �s

�� �1 − �s +
n

2
�1 + �s��rTc

�n�

− 2�1 − �s��n − 1�rn−1�
r

R

�1−nTc
�n����d�

+ O�hf

hs
� �2.21�

here we have used the condition that the displacements are finite
t the center r=0, and A0 and D0 are constants to be determined.

The interface shear stresses are obtained from Eq. �2.18� as


r
�n� =

Efhf

1 − � f
2	��1 + �s��s − �1 + � f�� f�

dTc
�n�

dr

− 2��s − � f�n�n + 1�A0rn−1 + O�hf

hs
�


�2.22�


�
�n� =

Efhf

1 − � f
2	− ��1 + �s��s − �1 + � f�� f�

n

r
Tc

�n�

+ 2��s − � f�n�n + 1�A0rn−1 + O�hf

hs
�


he normal displacement w is determined from Eq. �2.13� as

w�n� = A1rn+2 + B1rn −
3

n

1 − �s
2

Eshs
2

Efhf

1 − � f
2 ��1 + �s��s − �1 + � f�� f�

��rn�
r

R

�1−nTc
�n����d� + r−n�

0

r

�n+1Tc
�n����d�� + O�hf

2

hs
2�

�2.23�

here we have used the condition that the displacement w is finite
t the center r=0, and A1 and B1 are constants to be determined.

Boundary Conditions
The first two boundary conditions at the free edge r=R require

hat the net forces vanish:

Nr
�f� + Nr

�s� = 0 and Nr�
�f� + Nr�

�s� = 0 at r = R �3.1�

hich give A0 and D0 as

A0 =
�s

R2n+2�R

�n+1Tc
�n����d� + O�hf

hs
�

0
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D0 = −
n + 1

2R2n �1 + �s��s�
0

R

�n+1Tc
�n����d� + O�hf

hs
� �3.2�

under the limit hf /hs�1. The other two boundary conditions at
the free edge r=R are the vanishing of net moments, i.e.,

Mr −
hs

2
Nr

�f� = 0 and Qr −
1

r

�

��
�Mr� −

hs

2
Nr�

�f�� = 0 at r = R

�3.3�

which give A1 and B1 as

A1 = 3
Efhf

1 − � f
2

1 − �s
2

Eshs
2 ��1 + � f�

1 − �s

3 + �s
��s − � f�

− ��s − � f��s� 1

R2n+2�
0

R

�n+1Tc
�n����d� + O�hf

2

hs
2�

�3.4�

B1 = −
n + 1

n
R2A1 + O�hf

2

hs
2�

It is important to point out that the boundary conditions can
also be established from the variational principle �e.g., �11��. The
total potential energy in the thin film/substrate system with the
free edge at r=R is

� =�
0

R

rdr�
0

2�

d��
−

hs

2

hs

2
+hf

Udz �3.5�

where U is the strain energy density which gives �U /��rr=�rr,
�U /����=���, and �U /��r�=�r�. For constitutive relations in
Eqs. �2.1� and �2.6�, we obtain

U =
E

2�1 − �2���rr
2 + ���

2 + 2��rr��� +
1 − �

2
�r�

2

− 2�1 + ���T��rr + ����� �3.6�

where E, �, and � take their corresponding values in the thin film
�i.e., Ef, � f, and � f for hs /2+hf zhs /2� and in the substrate
�i.e., Es, �s, and �s for hs /2z−hs /2�. For the displacement
fields in Sec. 2 and the associated strain fields, the potential en-
ergy � in Eq. �3.5� becomes a quadratic function of parameters
A0, D0, A1, and B1. The principle of minimum potential energy
requires

��

�A0
= 0

��

�D0
= 0

��

�A1
= 0

��

�B1
= 0 �3.7�

It can be shown that, as expected in the limit hf /hs�1, the above
four conditions in Eq. �3.7� are equivalent to the vanishing of net
forces in Eq. �3.1� and net moments in Eq. �3.3�.

4 Thin Film Stresses and Substrate Curvatures
We provide the general solution that includes both cosine and

sine terms in this section. The substrate curvatures are

�rr =
�2w

�r2 ��� =
1

r

�w

�r
+

1

r2

�2w

��2 �r� =
�

�r
�1

r

�w

��
� �4.1�
The sum of substrate curvatures is related to the temperature by
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�rr + ��� = 12
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− 1��s�T
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2
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�n+1Tc
�n�
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0

R

�n+1Ts
�n����d��
 �4.2�

here T= �1/�R2���AT�� ,��dA is the average temperature over
he entire area A of the thin film, dA=�d�d�, and T is also related
o Tc

�0� by T= �2/R2��0
R�Tc

�0����d�. The difference between two
urvatures ��rr−���� and the twist �r� are given by

�rr − ��� = 6
Efhf
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2

Eshs
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�n�d��
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0
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�4.3�

�r� = 3
Efhf
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2
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0
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0
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− 4��s − � f��s��
n=1
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Rn+2 �n� r

R
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R
�n−2�

��sin n��
0

R
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0

R

�n+1Ts
�n�d�� �4.4�

The stresses in the thin film are obtained from Eq. �2.1�. Spe-
cifically, the sum of stresses �rr

�f�+���
�f� is related to the temperature

by

�rr
�f� + ���

�f� =
Ef

1 − � f
�2��s − � f�T − �1 − �s��s�T − T�

+ 2�1 − �s��s�
n=1

�
n + 1

R2n+2rn�cos n��
0
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0
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�n�d��� �4.5�

The difference between stresses, �rr
�f�−���

�f�, and shear stress �r�
�f�

are given by
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0
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he interface shear stresses 
r and 
� are related to the tempera-
ure by


r =
Efhf

1 − � f
2���1 + �s��s − �1 + � f�� f�

�T

�r
− 2��s − � f��s�

n=1

�

n�n

+ 1�
rn−1

R2n+2�cos n��
0
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�n+1Tc
�n�d� + sin n��

0

R

�n+1Ts
�n�d���

�4.8�


� =
Efhf

1 − � f
2	��1 + �s��s − �1 + � f�� f�

1

r

�T

��
+ 2��s − � f��s�

n=1
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+ 1�
rn−1

R2n+2�sin n��
0

R

�n+1Tc
�n�d� − cos n��

0

R

�n+1Ts
�n�d��


�4.9�

For uniform temperature distribution T=constant, the curva-
ures in the substrate obtained from Eqs. �4.2�–�4.4� become

� = �rr = ��� = 6
Efhf

1 − � f

1 − �s

Eshs
2 ��s − � f�T

he stresses in the thin film obtained from Eqs. �4.5�–�4.7� be-
ome

��f� = �rr
�f� = ���

�f� =
Ef

1 − � f
��s − � f�T

or this special case only, both stress and curvature states become
quibiaxial. The elimination of temperature T from the above two
quations yields a simple relation ��f�= �Eshs

2 /6�1−�s�hf��, which
s exactly the Stoney formula in Eq. �1.1�, and it has been used to
stimate the thin-film stress ��f� from the substrate curvature �, if
he temperature, stress, and curvature are all constant and if the
late system shape is spherical. In the following, we extend such
relation for arbitrary nonaxisymmetric temperature distribution.

Extension of Stoney Formula for Nonaxisymmetric
emperature Distribution
The stresses and curvatures are all given in terms of tempera-

ure in the previous section. We extend the Stoney formula for
rbitrary nonuniform and nonaxisymmetric temperature distribu-
ion in this section by establishing the direct relation between the
hinfilm stresses and substrate curvatures.

We first define the coefficients Cn and Sn related to the substrate
urvatures by

Cn =
1

�R2��
A

��rr + ������

R
�n

cos n�dA

�5.1�

Sn =
1

�R2��
A

��rr + ������

R
�n

sin n�dA

here the integration is over the entire area A of the thin film, and
A=�d�d�. Since both the substrate curvatures and film stresses
epend on the temperature T, elimination of temperature gives the

lm stress in terms of substrate curvatures by
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�rr
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�f� =
Eshs
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�5.2�
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6hf

�s

�1 + �s��s − �1 + � f�� f
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1

2�
n=1

�

�n + 1�

��n� r

R
�n

− �n − 1�� r

R
�n−2��Cn sin n� − Sn cos n��


�5.3�
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�f� =
Eshs

2

6hf�1 − �s�
	�rr + ��� + �1 − �s

1 + �s

−
�1 − � f��s

�1 + �s��s − �1 + � f�� f
���rr + ��� − �rr + ����

− �1 − �s

1 + �s
−

2�1 − � f��s

�1 + �s��s − �1 + � f�� f
��

n=1

�

�n + 1�

�� r

R
�n

�Cn cos n� + Sn sin n��
 �5.4�

where �rr+���=C0= �1/�R2���A��rr+����dA is the average cur-
vature over entire area A of the thin film. Equations �5.2�–�5.4�
provide direct relations between individual film stresses and sub-
strate curvatures. It is important to note that stresses at a point in
the thin film depend not only on curvatures at the same point
�local dependence�, but also on the curvatures in the entire sub-
strate �nonlocal dependence� via the coefficients Cn and Sn.

The interface shear stresses 
r and 
� can also be directly re-
lated to substrate curvatures via


r =
Eshs

2

6�1 − �s
2�� �

�r
��rr + ���� −

1 − �s

2R �
n=1

�

n�n + 1��Cn cos n�

+ Sn sin n��� r

R
�n−1� �5.5�


� =
Eshs

2

6�1 − �s
2�� 1

r

�

��
��rr + ���� +

1 − �s

2R �
n=1

�

n�n + 1��Cn sin n�

− Sn cos n��� r

R
�n−1� �5.6�

This provides a way to estimate the interface shear stresses from
the gradients of substrate curvatures. It also displays a nonlocal
dependence via the coefficients Cn and Sn.

Since interfacial shear stresses are responsible for promoting
system failures through delamination of the thin film from the
substrate, Eqs. �5.5� and �5.6� have particular significance. They
show that such stresses are related to the gradients of �rr+��� and
not to its magnitude, as might have been expected of a local,
Stoney-like formulation. The implementation value of Eqs. �5.5�
and �5.6� is that it provides an easy way of inferring these special
interfacial shear stresses once the full-field curvature information
is available. As a result, the methodology also provides a way to
evaluate the risk of and to mitigate such important forms of fail-

ure. It should be noted that for the special case of spatially con-
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tant curvatures, the interfacial shear stresses vanish as is the case
or all Stoney-like formulations described in Sec. 1.

It can be shown that the relations between the film stresses and
ubstrate curvatures given in the form of infinite series in Eqs.
5.2�–�5.4� can be equivalently expressed in the form of integra-
ion as

�rr
�f� − ���

�f� =
Eshs
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1 − �s

1 − � f
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R
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R
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here functions Fminus, Fshear, and Fplus are given by

Fminus�r1,�1,�1� = − r1
2�1�6 + 9�1

2 + r1
2�1

4� + r1�2 + 9�1
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Fplus�r1,�1,�1� = 2�1 + 2r1
2�1
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− r1�1�4 + r1
2�1

2�
The interface shear stresses can also be related to substrate
urvatures via integrals as
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�2r2

R4 �3
dA �5.11�


� =
Eshs

2

6�1 − �s
2�� 1

r

�

��
��rr + ���� −

1 − �s

�R3 ��
A

��rr

+ ����

�

R
Fcircumferential� r

R
,
�

R
,� − ��

�1 − 2
�r

R2 cos�� − �� +
�2r2

R4 �3
dA �5.12�

where

Fradial�r1,�1,�1� = �1 + 3r1
2�1

2�cos �1 − r1�1�3 + r1
2�1

2 cos 2�1�
�5.13�

Fcircumferential�r1,�1,�1� = �1 − 3r1
2�1

2� sin �1 + r1
3�1

3 sin 2�1

Finally it should be noted that Eq. �5.4� also reduces to Stoney’s
result for the case of spatial curvature uniformity. Indeed for this
case, Eq. �5.4� reduces to:

�rr + ��� =
Eshs

2

6�1 − �s�hf
��rr + ���� �5.14�

If in addition the curvature state is equibiaxial ��rr=����, as as-
sumed by Stoney, Eq. �1.1� is recovered while relation �5.2� fur-
nishes �rr=��� �stress equibiaxiality� as a special case.

6 Discussion and Conclusions
Unlike Stoney’s original analysis and its extensions discussed

in Sec. 1, the present analysis, together with Huang and Rosakis
�13� and Huang et al. �14� for the special case of axisymmetry,
show that the dependence of film stresses on substrate curvatures
is not generally “local.” Here the stress components at a point on
the film will, in general, depend on both the local value of the
curvature components �at the same point� and on the value of
curvatures of all other points on the plate system �nonlocal depen-
dence�. The more pronounced the curvature nonuniformities are,
the more important such nonlocal effects become in accurately
determining film stresses from curvature measurements. This
demonstrates that analyses methods based on Stoney’s approach
and its various extensions cannot handle the nonlocality of the
stress/curvature dependence and may result in substantial stress
prediction errors if such analyses are applied locally in cases
where spatial variations of system curvatures and stresses are
present.

The presence of nonlocal contributions in such relations also
has implications regarding the nature of diagnostic methods
needed to perform wafer-level film stress measurements. Notably,
the existence of nonlocal terms necessitates the use of full-field
methods capable of measuring curvature components over the en-
tire surface of the plate system �or wafer�. Furthermore, measure-
ment of all independent components of the curvature field is nec-
essary. This is because the stress state at a point depends on
curvature contributions �from �rr, ���, and �r�� from the entire
plate surface.

Regarding the curvature-temperature �Eqs. �4.2�–�4.4�� and

stress-temperature �Eqs. �4.5�–�4.7�� relations, the following
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oints are noteworthy. These relations also generally feature a
ependence of local temperature T�r ,�� which is “Stoney-like” as
ell as a “nonlocal” contribution from the temperature of other
oints on the plate system. Furthermore, the stress and curvature
tates are always nonequibiaxial �i.e., �rr

�f�����
�f� and �rr����� in

he presence of temperature nonuniformities. Only if T=constant
hese states become equibiaxial, the “nonlocal” contributions van-
sh, and Stoney’s original results are recovered as a special case.

Finally, it should be noted that the existence of nonuniformities
lso results in the establishment of shear stresses along the film/
ubstrate interface. These stresses are in general related to the
erivatives of the first curvature invariant �rr+��� �Eqs. �5.11�
nd �5.12��. In terms of temperature, these interfacial shear
tresses are also related to the gradients of the temperature distri-
ution T�r ,��. The occurrence of such stresses is ultimately re-
ated to spatial nonuniformities, and as a result, such stresses van-
sh for the special case of uniform �rr+��� or T considered by
toney and its various extensions. Since film delamination is a
ommonly encountered form of failure during wafer manufactur-
ng, the ability to estimate the level and distribution of such
tresses from wafer-level metrology might prove to be invaluable
n enhancing the reliability of such systems.

eferences
�1� The National Technology Road Map for Semiconductor Technology, 2003,

Semiconductor Industry Association, San Jose, CA.
�2� Freund, L. B., and Suresh, S., 2004, Thin Film Materials: Stress, Defect For-

mation and Surface Evolution, Cambridge University Press, Cambridge, U.K.
�3� Stoney, G. G., 1909, “The Tension of Metallic Films Deposited by Electroly-

sis,” Proc. R. Soc. London, 82, pp. 172–175.
ournal of Applied Mechanics

ded 22 Apr 2008 to 129.105.86.142. Redistribution subject to ASM
�4� Wikstrom, A., Gudmundson, P., and Suresh, S., 1999, “Thermoelastic Analysis
of Periodic Thin Lines Deposited on a Substrate,” J. Mech. Phys. Solids, 47,
pp. 1113–1130.

�5� Shen, Y. L., Suresh, S., and Blech, I. A., 1996, “Stresses, Curvatures, and
Shape Changes Arising from Patterned Lines on Silicon Wafers,” J. Appl.
Phys., 80, pp. 1388–1398.

�6� Wikstrom, A., Gudmundson, P., and Suresh, S., 1999, “Analysis of Average
Thermal Stresses in Passivated Metal Interconnects,” J. Appl. Phys., 86, pp.
6088–6095.

�7� Park, T. S., and Suresh, S., 2000, “Effects of Line and Passivation Geometry
on Curvature Evolution During Processing and Thermal Cycling in Copper
Interconnect Lines,” Acta Mater., 48, pp. 3169–3175.

�8� Masters, C. B., and Salamon, N. J., 1993, “Geometrically Nonlinear Stress-
Deflection Relations for Thin Film/Substrate Systems,” Int. J. Eng. Sci., 31,
pp. 915–925.

�9� Salamon, N. J., and Masters, C. B., 1995, “Bifurcation in Isotropic Thin Film/
Substrate Plates,” Int. J. Solids Struct., 32, pp. 473–481.

�10� Finot, M., Blech, I. A., Suresh, S., and Fijimoto, H., 1997, “Large Deformation
and Geometric Instability of Substrates With Thin-Film Deposits,” J. Appl.
Phys., 81, pp. 3457–3464.

�11� Freund, L. B., 2000, “Substrate Curvature Due to Thin Film Mismatch Strain
in the Nonlinear Deformation Range,” J. Mech. Phys. Solids, 48, pp. 1159–
1174.

�12� Lee, H., Rosakis, A. J., and Freund, L. B., 2001, “Full Field Optical Measure-
ment of Curvatures in Ultra-Thin Film/Substrate Systems in the Range of
Geometrically Nonlinear Deformations,” J. Appl. Phys., 89, pp. 6116–6129.

�13� Huang, Y., and Rosakis, A. J., 2005, “Extension of Stoney’s Formula to Non-
Uniform Temperature Distributions in Thin Film/Substrate Systems. The Case
of Radial Symmetry,” J. Mech. Phys. Solids, 53, pp. 2483–2500.

�14� Huang, Y., Ngo, D., and Rosakis, A. J., 2005, “Non-Uniform, Axisymmetric
Misfit Strain in Thin Films Bonded on Plate Substrates/Substrate Systems: The
Relation Between Non-uniform Film Stresses and System Curvatures,” Acta
Mech. Sin., 21, pp. 362–370.

�15� Brown, M. A., Park, T.-S., Rosakis, A. J., Ustundag, E., Huang, Y., Tamura,
N., and Valek, B., 2006, “A Comparison of X-Ray Microdiffraction and Co-
herent Gradient Sensing in Measuring Discontinuous Curvatures in Thin Film-
Substrate Systems,” ASME J. Appl. Mech., 73, pp. 723–729.
NOVEMBER 2007, Vol. 74 / 1233

E license or copyright; see http://www.asme.org/terms/Terms_Use.cfm


